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Abstract. Rigorous, closed form expressions are derived for non-paraxial
imaging of sources of multipole radiation from which conservation of angular
momentum (AM) flux is established. Coupling of spin and orbital optical AM
flux is also quantitatively investigated, highlighting the importance of spin–orbit
interactions in high numerical aperture imaging.
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1. Introduction

Radiation from atoms or molecules arises through electron transitions; however, quantum
selection rules dictate that many such transitions are forbidden under an electric dipole
approximation. So-called forbidden radiation can nevertheless still be emitted via electric dipole
forbidden transitions due to higher order multipole corrections to the transition matrix, such as
the magnetic dipole or electric quadrupole coupling terms. Despite the inherent lower transition
probabilities, sources of forbidden radiation now play a greater role in much of today’s science.
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One such example is use of the 4S to 3D transition in 43Ca+ ions for realization of ion-
based quantum computers, since here longer radiative lifetimes are desirable [1]. Multiphoton
transitions, important in nonlinear microscopy and spectroscopy applications alike [2, 3], are
by virtue of angular momentum (AM) conservation also sources of higher order multipole
radiation [4]. On a more macroscopic level it has furthermore long been known that extended
sources (i.e. ones for which their largest dimension > λ) give rise to high order multipole
contributions to the radiated field distributions [5]. More recently, subwavelength nano-antennas
have also been shown to produce complicated far field distributions due to plasmonic effects [6].

Routinely, sources of radiation (be they forbidden or not) are studied by use of an
imaging system [2, 7], yet a rigorous treatment of such a scenario is hitherto absent from
the literature. Consequently, a full understanding of measured data is similarly lacking, which
can lead to inaccurate interpretations or large errors. Detection from different directions has,
for example, been shown to exhibit significantly different properties in both the near and
the far field due to the directionality of multipole sources [8, 9]. To compound matters,
high numerical aperture (NA) optics are frequently employed, so as to provide the resolution
required, hence necessitating full electromagnetic models to account for polarization effects.
This paper therefore presents recent analytic results in this vein. One potential application of
this work is thus development of high sensitivity readout modalities in, for example, quantum
computing, biological imaging and material/lithographic inspection.

Multipole radiation and AM are fundamentally related [5] and it is difficult to consider
one without mentioning the other. Within an optical context AM has itself received extensive
investigation, motivated primarily by the seminal work of Allen et al [10]. Recent efforts have
been both experimental and theoretical, with advances made in each domain (see [11] for a
collection of relevant works). Experimental work has, for instance, concerned the generation
of beams with AM and the optical manipulation and trapping of atoms and particles. On the
other hand, theoretical endeavours have predominantly studied separation of AM into spin and
orbital components (SAM and OAM, respectively). Paraxial beams, quite naturally allow for
this separation, where OAM is carried by helical phase fronts of the form eimφ (m is known
as the topological charge of a beam), while SAM is carried by circularly polarized light.
Conceptual difficulties, however, arise for non-paraxial systems since a mixing of OAM and
SAM arises [12, 13], due to the spin–orbit interaction of light [14]. To overcome such mixing
in non-paraxial systems Barnett proposed use of AM flux instead [15], leading to a definition
of separable SAM and OAM flux components. Interchange between SAM and OAM (and flux)
is a similar coupling effect that has drawn considerable attention, particularly in tight optical
focusing [16–18]. Investigation and quantification of the SAM and OAM flux exchange (SOE)
in non-paraxial imaging naturally follows from the multipole formalism developed here and
a number of results are hence also presented. Such studies allows fundamental insights to be
gained into the properties of light and optical systems. Within a polarization domain, knowledge
of the inter-component polarization mixing arising from high NA lenses, allowed advances in
superresolution, material processing and optical manipulation [19]. It is hence conceivable that
similar possibilities may be afforded by exploiting AM interchange.

2. Imaging theory

Any well-corrected single lens used as an imaging device may be represented as a double
lens system arranged in a 4 f configuration, whereby the lenses are placed such that their foci
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Figure 1. 4 f telecentric imaging setup used to image multipole sources. Object
and image plane positions are defined by the vectors ρ1 and ρ2, respectively,
while positions on the reference spheres associated with the collector and
detector lenses (with NA1 = sin α1 and NA2 = sin α2) are defined by the
coordinates (θ1, φ1) and (θ2, φ2).

coincide. More complex optical setups can in turn be modelled as a combination of one or more
lens pairs [20], such that fundamentally only imaging through a 4 f system need be considered.
Critically, introduction of an aperture stop in the common focal plane yields an afocal and
telecentric system from both object and image spaces, such that vectorial ray tracing can be
used to compute the image field [21].

Consider then the action of the imaging system on a plane wave, originating in the object
space, travelling in a direction s(θ1, φ1) = (sin θ1 cos φ1, sin θ1 sin φ1, cos θ1) and with associated
generalized (3 × 1) Jones vector Ẽ(θ1, φ1) (see figure 1). Each lens in the system rotates the
polarization vector of the ray about an axis perpendicular to the meridional plane in which it
propagates, as can be treated using a generalized Jones matrix formalism [21]. The geometric
field distribution on the Gaussian reference sphere of the focusing lens, assuming a transmission
geometry, for a single ray is hence

Ẽ2(θ2, φ2) =
a(θ2)

a(θ1)
R−1

z (φ1)Ry(−θ2)Ry(−θ1)Rz(φ1)Ẽ1(θ1, φ1), (1)

where a(θ) is an apodization factor (=
√

cos θ for an aplanatic lens) required to conserve energy
at each lens and Rµ(α) denotes a rotation of α about the µ coordinate axis [21]. Note (θ2, φ2)

define the direction of propagation of the ray in image space.
Devaney and Wolf have however given the angular spectrum of multipole radiation of order

(l, m) as [22] 
Ẽν

lm,r(θ, φ)

Ẽν
lm,θ(θ, φ)

Ẽν
lm,φ(θ, φ)

 = Clm(−i)l eimφ

 0

2ν
lm(θ)

8ν
lm(θ)

 , (2)
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where ν = E(M) denotes an electric (magnetic) multipole, Clm = [(2l + 1)(l − m)!]1/2/[4π(l +
m)!]1/2 and

2E
lm(θ) = i

∂

∂θ
Pm

l (cos θ) = −8M
lm(θ),

8E
lm(θ) = −

m

sin θ
Pm

l (cos θ) = 2M
lm(θ).

Here, Pm
l (cos θ) are the associated Legendre polynomials. Rewriting equation (2) in terms of

Cartesian field components allows direct substitution into equation (1), yielding

Ẽν
lm,2(θ2, φ2) = Clm(−i)l eimφ a(θ2)

a(θ1)

2ν
lm(θ1) cos θ2 cos φ1 − 8ν

lm(θ1) sin φ1

2ν
lm(θ1) cos θ2 sin φ1 + 8ν

lm(θ1) cos φ1

−2ν
lm(θ1) sin θ2

 .

The final image field E(ρ2) at a position ρ2 relative to the geometric image point for a
monochromatic field of wavelength λ, can then be found using the Debye–Wolf [23] integral,
originally formulated by Ignatowsky [24],

Eν
lm(ρ2) = −

i f2

λ

∫ 2π

0

∫ α2

0
Ẽν

lm,2(θ2, φ2)e
ikz2 cos θ2

× exp [ikρ2 sin θ2 cos(φ2 − ϕ2)] sin θ2 dθ2 dφ2,

where (ρ2, ϕ2, z2) are the cylindrical polar coordinates of ρ2, while f2 and α2 are the focal
length and semi-angle of convergence of the focusing lens respectively and k = 2π/λ. Using
the identity [25]∫ 2π

0
einβ exp[ia cos(β − γ )]dβ = 2π ineinγ Jn(a),

where Jn(a) is the nth order Bessel function of the first kind, the azimuthal integration can be
performed analytically, yielding

Eν
lm(ρ2) =

Clmπ f2

λ
im−l−1


iEm+1K +ν

lm − iEm−1K −ν
lm

Em+1K +ν
lm + Em−1K −ν

lm

−2Em K 0ν
lm

 ,

where En = exp[inϕ2], f1 sin θ1 = f2 sin θ2 and

K ±ν
lm =

∫ α2

0

a(θ2)

a(θ1)

[
2ν

lm(θ1) cos θ2 ± i8ν
lm(θ1)

]
sin θ2,

× Jm±1(kρ2 sin θ2) exp
[
ik(z2 cos θ2 − zmp cos θ1)

]
dθ2,

K 0ν
lm =

∫ α2

0

a(θ2)

a(θ1)
2ν

lm(θ1) sin2 θ2

× Jm(kρ2 sin θ2) exp
[
ik(z2 cos θ2 − zmp cos θ1)

]
dθ2.

The extra term zmp cos θ1 has been introduced to the exponent to allow lateral displacements of
the multipole source. Transverse shifts to a position ρmp can further be incorporated, assuming
shift invariance of the imaging system such that Eν,off-axis

lm (ρ2) = Eν,on-axis
lm

(
ρ2 − [ f2/ f1]ρmp

)
.

Using the curl equations it can similarly be shown that the associated magnetic field distributions
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Figure 2. Left to right: Amplitude and phase (inset) distributions of Cartesian
electric field components (Ex , Ey , Ez), in the image plane (z2 = 0) of a high
NA 4 f system, imaging electric and magnetic multipole sources of order (l, m).
Phase plots run from −π (blue) to π (red).

are Bν
lm(ρ2) = ±Eν̄

lm(ρ2)/c, where the positive sign is taken for ν = M , c is the speed of light
and ν̄ = E if ν = M and vice versa.

Figure 2 shows the calculated field distributions (amplitude and phase) in the image plane
of a 4 f imaging system (100×) in which the collector lens has a NA of 0.95, for assorted
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electric and magnetic multipoles. Azimuthally periodic phase distributions are clearly evident,
suggesting the presence of OAM. It is furthermore interesting to note that due to the form of the
K ±ν

lm and K 0ν
lm integrals, zero total energy density is always seen on axis when imaging multipole

radiation with |m| > 1.

3. Angular momentum (AM) flux

Following Barnett’s definition [15], the total AM flux density (3 × 3) tensor is defined here
as M= ρ ×T, such that Mi j =

∑
mn εimnρmTnj , where T is Maxwell’s electromagnetic stress

tensor and εimn is the Levi–Civita symbol. Restricting to time harmonic fields of angular
frequency ω and performing cycle averages, the elements of Maxwell’s stress tensor are given
by

Ti j =
δi j

4

[
ε0|E|

2 +
1

µ0
|B|

2

]
−

ε0

2
<[Ei E∗

j ] −
1

2µ0
<[Bi B∗

j ],

where δi j is the Kronecker delta, such that the flux of the z-component of the OAM and SAM
in the z-direction is respectively

Morbit
zz =

ε0c2

4ω
=

[
Ey

∂ B∗

x

∂ϕ2
− B∗

x

∂ Ey

∂ϕ2
+ B∗

y

∂ Ex

∂ϕ2
− Ex

∂ B∗

y

∂ϕ2

]
,

M spin
zz =

ε0c2

2ω
=

[
Ex B∗

x + Ey B∗

y

]
.

In general, these fluxes are a function of position ρ2, however this dependance has been dropped
for clarity. The integrated fluxMzz through a plane of constant z, can then be shown to be

Morbit
zz =M0 =

[∫
∞

0

{
K −ν

lm K −ν̄∗

lm + K +ν
lm K +ν̄∗

lm

}
ρ2 dρ2

]
, (3)

Mspin
zz =M0 =

[∫
∞

0

{
(m − 1)K −ν

lm K −ν̄∗

lm − (m + 1)K +ν
lm K +ν̄∗

lm

}
ρ2 dρ2

]
, (4)

where M0 = ±π 2C2
lmε0 f 2

2 /λ and the azimuthal integration has again been performed
analytically. Integrated fluxes of the x- and y-component of AM through a fixed transverse plane
is zero by symmetry. Symmetry in the kernels furthermore ensures that Morbit

zz =Mspin
zz = 0

when m = 0. Similarly, an integrated energy flux through a fixed plane can be found by
integrating the z-component of the Poynting vector, viz

Fz = ωM0 =

[∫
∞

0

{
K −ν

lm K −ν̄∗

lm − K +ν
lm K +ν̄∗

lm

}
ρ2 dρ2

]
. (5)

Given equations (3)–(5) it quickly follows that

R1 =
Morbit

zz +Mspin
zz

Fz
=

m

ω
=

mλ

2πc
,

which holds regardless of which transverse plane is considered (mathematically this ratio holds
for any surface which is rotationally symmetric with respect to the z-axis e.g. a hemisphere,
although a transverse plane is of greater physical interest here). The ratio R1 can also be
considered before imaging, i.e. in the object space of the multipole source, whereby the same
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Figure 3. Dependance of the ratio of the integrated SAM and OAM flux in the
z-direction,Mspin

zz /Morbit
zz , on the NA of the collector lens sin α1.

result holds. Evidently the ratio R1 is not only a conserved quantity upon propagation in both
spaces, but is also preserved upon imaging.

Finally, it is worthwhile to investigate the relative magnitudes of the SAM and OAM flux
in non-paraxial imaging systems. Accordingly, the ratioR2 =Mspin

zz /Morbit
zz is plotted in figure 3

for different multipole orders (m 6= 0) as a function of collector lens NA (letting z2 = 0). These
results are invariant with sin α2, and hence also magnification of the imaging system. In the low
NA limit (α1 → 0) the SAM flux is always non-zero, accounting for a fraction of 1/|m| of the
total AM flux in the z direction (or equivalently Fz/ω or h̄ per photon). In contrast, the OAM
constitutes min(|m ± 1|) of the total axial flux (in units of Fz/ω).

As the non-paraxiality of the system increases, so the relative proportion of SAM
flux drops, ultimately to a value close to zero. Interestingly, the conversion of SAM
flux to OAM flux for l = 1, m = ±1 multipoles is negligible with R2 � 1 at α1 ∼ π/2.
Observation of the SOE for these sources hence requires use of immersion lenses. As
the order l is increased, the SOE progressively becomes more apparent with the drop
off to zero of R2 occurring at lower NAs. Conversely, the reduction in SAM flux for
higher |m| sources occurs at higher NAs. Qualitatively, this behaviour can be understood
by noting that uniformly polarized fields possess only SAM, such that OAM is introduced
by breaking the uniformity. Lower l corresponds to less directional, and hence inherently
more uniform, radiation patterns, which is only broken by the spatially dependent polarization
mixing introduced by lenses of high NA. Higher |m| furthermore implies that the direction
of maxima in the radiation lobes form smaller angles with the z-direction, such that
the field collected by the lens is more uniformly polarized. Consider for example a
z oriented dipole (l = 1, m = 0) which gives rise to a (highly non-uniform) azimuthally
polarized field distribution in the back focal plane of the collector lens, whilst the combination
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of out of phase x- and y-oriented dipoles (m = ±1) yields a fairly uniform circularly polarized
beam. Large |m| sources hence again require higher NA lenses to introduce polarization mixing.

4. Conclusions

In summary, closed form rigorous electromagnetic results have been derived pertaining to the
imaging of multipole sources of arbitrary order by a high NA 4 f imaging system. Orbital, spin
AM and energy fluxes have been calculated in the focal region, whereby it was shown that the
ratio of the total integrated AM flux to energy flux in the z direction was a conserved quantity
upon both propagation and imaging. The magnitude of the SOE in non-paraxial imaging was
also quantitatively studied. Possible applications and future research directions founded on
these results could include design and optimization of optical detection modalities based on the
SOE, measuring sample induced spin–orbit interactions [26] or imaging of forbidden radiation.
Consideration could also be given to more arbitrary sources represented by a superposition
of multipoles. On a final note, it should be mentioned that although throughout this paper a
classical treatment has been given, following the discussion in [15] the problem can equally be
formulated in a quantum domain.
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