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Abstract:  The forward problem of focusing light using a high numerical
aperture lens can be described using the Debye-Wolf integral, however a
solution to the inverse problem does not currently exist. In this work an
inversion formula based on an eigenfunction representation is derived and
presented which allows afield distribution in a plane in the focal region to
be specified and the appropriate pupil plane distribution to be calculated.
Various additional considerations constrain the inversion to ensure physi-
cality and practicality of the results and these are also discussed. A number
of inversion examples are given.
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1. Introduction

Synthesis of arbitrary field distributions in optical systems is useful for a wide variety of ap-
plications including lithography [1], optical data storage [2], atomic manipulation [3] and po-
larisation microscopy [4]. A significant number of alternative methods by which to produce
adesired field distribution exist such as apodisation or phase masks [5], polarisation structur-
ing [6] and computer generated holograms[7, 8]. Numerical optimisation is however normally
used to determinethe appropriate mask or field distribution to use[9]. To the best of the authors
knowledge there does not currently exist an analytic method to invert the Debye-Wolf integral
in the literature. This omission is addressed in this work whereby the Debye-Wolf integral is
inverted using a series expansion also devel oped by some of the current authors[10].

In principle the new method allows an arbitrary field distribution to be specified in the fo-
cal region of a high numerical aperture (NA) lens and the appropriate weighting function, or
equivalently the pupil plane distribution, to be calculated. Furthermore due to the simple form
of the inversion it is amenable to numerical optimisation should extra constraints need to be
introduced to the system. Such a constraint may include the pixelation of masking optics, a
feature often encountered when using spatial light modulators (SLMs) [11] for example, which
limits the level of fine structure produciblein any physical mask and thus any pupil planefield
distribution.

Since the expansion of the Debye-Wolf formula and its inversion are based on generalised
prolate spheroidal functions they are introduced in the next section and a number of their basic
properties are explored. A derivation of the inversion formulais then given in Section 3, whilst
Section 4 contains some notes and caveats on the use of the formula. Some examples are given
in Section 5 before concluding remarks are finally given in Section 6.

2. Theory of generalised prolate spheroidal functions

In this section various properties of generalised prolate spheroidal functions, which are the
eigenfunctions of a finite two dimensional Fourier transform over a circular domain, are dis-
cussed. Although a number of different mathematical properties are considered derivations
are omitted for brevity. Reference is however made to the works of Slepian, Landau and Pol-
lock [12-15] where afull analysis can be found.

2.1.  Space-bandwidth product

All optical devicesareincapable of transmitting signals with arbitrarily high frequency content
perfectly, but instead possess transfer functions which extend over afinite range. The resulting
transmitted signal thus has a finite bandwidth denoted Q. A bandlimited function cannot in
itself also be space limited due to the uncertainty principle, however it is possible to define a
region of spatial extent ro outside of which the function is negligible or of little interest. The
product ¢ = roQ is then called the space-bandwidth product and is often used as a measure of
the optical performance of a system [16, 17].

The space-bandwidth product is important for our discussion of prolate spheroidal functions
since they are bandlimited functions whose form and behaviour is dependent upon the parame-
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ter c. This explicit dependence is however occasionally dropped in this work for clarity with
the understanding the dependence still remains.

2.2. Eigenfunctions of the two dimensional finite Fourier integral
It can be shown [12] that the eigenfunctions of the finite two dimensional Fourier transform
over acircular domain can be written in the form

Yun(C.r.0) = Dyn(cr) oo N=012... n=012.. )

where the @y (¢, 1), known asthe circular prolate spheroidal functions, are the eigenfunctions
of the N'™" order finite Hankel transform. The defining relation for these functions can thus be
expressed

fo wrg

[ Iv(@n@xa(crrdr = (-1)" (rﬁo) Idaona (e E) @)
where Jy is the Nt order Bessel function of the first kind, o and r are conjugate coordinates
and An n arethecircular prolate spheroidal eigenvalues. Figures. 1 and 2 show the behaviour of
the eigenvalues and eigenfunctions respectively which are further discussed in Section 2.4.

It should be noted that the circular prolate functions ®n , used here are scaled versions of
those devel oped by Slepian ¢y » such that

1/2
Dyn(c,1) = (7““*“) Pun(e.1/r0) ®

I'fo

¢n n are also the solutions to the wave equation when expressed in a prolate spheroidal coordi-
nate system.

2.3. Orthogonality and completeness of the generalised prolate spheroidal functions

Heurtley has shown [18] that the functions satisfying the integral equation (2) are orthogonal
and complete over thefiniteregion0<r <rgi.e.

"ro
/O Drin(C,F)Drm(C, F)rdr = Annnm 4

and

S AE®nn(C.r)®nn(c,r') =8(r—r)/r for 0<rr <rg (5)
n=0
where 6nm is the Kronecker deltaand 6(r —r’) is the Dirac delta function centered onr = r’.
Furthermore the prolate functions possess the unique property that they are also orthogonal and
complete on theinfiniteinterval 0 <r < oo.
Noting that sinusoidal functions are also complete and orthogonal it is possible to expand
any two dimensional bandlimited function in terms of generalised prolate functions

oo oo

f(r7¢) = 2 OAN’n(I)‘N‘!n(C,r)EXp(iN(P) (6)

N=—con=

where it has been el ected to write yy  in terms of exponentials as opposed to the trigonometric
functions of Eq. (1). The coefficients An,n can be calculated using the orthogonality property

1
A =
N 2N

2n o
/O [ 1(1,0) @ 0(c.) @xp(—iNg e, @)
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Fig. 1. Circular prolate spheroidal eigenvalues for different orders (N and n) and space

bandwidth products c.
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Fig. 2. Circular prolate spheroidal functions for different orders n for N = 0 and for dif-
ferent space bandwidth products c. Prolate functions plotted have been normalised so that

@0 (0) = 1. Note the different vertical scales between plots.
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2.4. Energy concentration property of generalised prolate spheroidal functions

Given a bandlimited function the question may be asked as to how concentrated the function
can bein the spatial domain in terms of its energy distribution. Thisis of particular interest in
optics, for example when trying to improve the resolution in an imaging system or to extend
the depth of field where large sidelobe structures are undesirable. Traditionally the encircled
energy of afunction f(r,¢) withinacircular region of radiusr g is defined as

B 2r ro 5 2n oo 2
= [ [t 0)rardo /[ [ 1(5.0)Prards ®)

Expansion of f(r,¢) by using Eqg. (6) and subsequent substitution into Eq. (8) gives

lenc = z 2|ANn| )L\N\n 2 2,|ANn|2 ©

N=—con=0 N=—ocon=0

where the orthogonality condition (4) and the analogous equation for the infinite interval (see
for example[19]) have also been used. From Fig. 1 it can be seen that the eigenvalueslie in the
range 0 < Ann < 1 and monotonically decrease with N and n and as such the encircled energy
takes its maximum value of 1g&¢ = Ag o when

f(r,0) = Ago®@oo(C,r) (10)

More generally the eigenvalue An n is a measure of the fraction of energy contained within
thecircular regiondefinedby 0 <r <rgand0 < ¢ < 2x [20]. Thisfeaturecan beseeninFigs. 1
and 2. Considering first the c = 10 case it is noted that the eigenvaluesdrop off rapidly at n ~ 3.
As such when the n = 0 order is plotted in Fig. 2 it is non-zero when r < 0 and essentialy
(although not precisely) zero outside. Higher order modes, n = 5 and 10, however display the
converse behaviour.

For the ¢ = 20 case the eigenvalues remain close to unity up to higher orders and instead
decrease at n ~ 6. When plotted the n = 0 mode displays the same properties as before, but
now the n = 5 mode shows contributions for all values of r considered. With an eigenvalue of
8.46 x 10~ the n = 10 order again contains negligible energy within the central region.

Finally considering the ¢ = 40 case the eigenvalues do not fall off until n ~ 13 meaning the
plotted orders have only asmall contributionfor r > r.

3. The Debye-Walf diffraction integral

Having discussed the basic theory of the generalised prolate spheroidal functions their use in
the inversion of the Debye-Wolf integral is now discussed.

The Debye-Wolf integral describes the electric field distribution at a point p with Cartesian
coordinatesr , = (Xp,Yp,Zp) in the vicinity of the focal region of atelecentric, high NA lensas
shown in Fig. 3 and can be written [21, 22]

E(rp) = )L / &5” p(iks-rp)dsds, (11)

where A isthe wavelength of theilluminating Ilght, a(sx, sy) isthe strength vector of ageomet-
ric ray at the Gaussian reference sphere centered on the focal point, s= (sy, sy, ;) isaunit ray
vector and © isthe domain of the exit pupil. The strength vector is easily modified by introduc-
tion of suitable opticsin the pupil plane which can be written in terms of the pupil coordinates
in the general form

a(u,¢) = g(u,¢)e"™ ™) 2 (u,¢)e(u,¢) (12)
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whereu=sin6, g(u,¢) and ¥(u, ¢) describe the amplitude and phase variation introduced to
the incident field distribution .0)
&(u, ¢

e= ’ 13

(aie)) =

by an apodisation and phase mask respectively and .Z isthe sub generalised Jones matrix given
by

(1+v1-u?)— (1—v1—u?)cos2¢ —(1-+v1-u?)sin2¢
&L = ( —(1-v1-u?)sin2¢ (1+vV1-u?)+(1—+v1—u?)cos2¢
—2ucos¢ —2using
(14)

which describes the action of the lens and maps the field to the Gaussian reference sphere [23].

e
1 rol Gaussian reference sphere !
P(Xp.Yp2,)

Fig. 3. Coordinate system and geometry of Debye-Wolf diffraction integral.

3.1. Eigenfunction expansion of the Debye-\Wolf integral

Earlier work by some of the current authors [10] has shown that for a circular aperture the
Debye-Wolf integral can be represented using a series expansion based on Bessel functionsand
generalised prolate spheroidal functions

Ej (vaq)pazp) = (15)

2|A< ) D z.wwAm anJm(kzp)exp(uN%)@Nn(g‘égQ)

M=—coN=—oconN=

where A is a constant as per [22], k = 27/ is the wavenumber of the illuminating light, oc” =
sine is the NA of the lens assumed to be in air, p 7 is the field of view in the focal space,

Arjm\,_n are expansion coefficients and a switch to cylindrical polar coordinates has been made
such that

The space bandwidth product in this case is given by ¢ = ko’ pp'mx since the spatia cutoff
frequency of alensis mg = ko' [24].

It is noted that Eq. (15) omits a minus sign from the Ex component when compared to
the original formulation [10] since here it is assumed the sign difference is absorbed into the
weighting function that is expanded to give the coeffici entsAﬂmN'n. Thisisdonefor convenience
reasons only.
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3.2. Inversion of the Debye-Wolf integral

Given Eq. (15) for the field in the focal region of a high NA lens and the orthogonality of
the generalised prolate spheroidal functions as described by Eq. (4) it is possible to invert the
Debye-Wolf integral as follows.

Consider multiplying both sides of Eq. (15) by the generalised prolate spheroidal function of
order Q,q and integrating over a plane in the focal region. Thisyields the result

2 rp !
/ /p Ppa(vaZp)‘I)Qm<%>9Xp(—iQ¢p)dede¢p (17)

2] T 53 M~ Il o

M=—coN=—c0n=0

The Kronecker deltas eliminate all but a single term within the double summation over N and
n, namely the term for which Q = N and q = n. Thus

i iA[ o ) > -
Eln= 7 <kpmax> (_1)n"Nu\1N/\i 2. In(kzp) Al (18)
p M= —oo

where

o= 227 /zn/pp ) (000 20) D | 222 ) exp(—iNGp) podppddy  (19)
N,n 27751\N\,n 0 0 j (Pp> ¥ps4p) *|N|,n pg]ax p) PpYPpY¥p

Trivial algebraic rearrangementsyield an infinite set of linear equations,

oo

K -1
2 m (Kzp) AmNn __< i ) (i“\”) A‘N\lézENn (20)

!
m=— o

which unfortunately cannot be solved uniquely to determine the desired coefficients AmN Y
but can however form the basis for numerical optimisation techniques, an example of which i is
givenin Section 5. Unique solution can however be achieved on thefocal planei.e. whenzp =0
whereby

1 form=0
Jm(kzp)lzpzo - { 0 otherwise (21)
yielding the simple relation
- im (kpp®\ (=DM, _ap2
Ag\l,n = A ( o ) iIN| A’\N\ n EN n (22)

where the subscript m has now been dropped. This equation shows that the coefficients of
the expansion of the weighting function are merely a scaled version of the coefficients of the
expansion of the field in the focal plane as would be expected for an eigenfunction expansion.
Thisisthe basic inversion formulafor the Debye-Wolf integral.

It is noted here that since the generalised prolate spheroidal functions are scalar functions
they cannot be true eigenfunctions of the vectorial problem, however as just shown they are
eigenfunctions on a component-wise basis. Furthermore for low NA systems the polarisation
properties of light becomeless important often allowing a scalar treatment to be used and hence
the prolate functions can then be interpreted as strict eigenfunctions of focusing by alens.
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4. Some noteson inversion and electric field specification

Although aformulato invert the Debye-Wolf integral has now been derived numerous problems
may be encountered if it is used incorrectly. In this section some principles and caveats to use
of Eq. (22) are thus presented.

4.1. Degreesof freedom

The underlying purpose of inversion of the Debye-Wolf integral isto provide a means by which
to generate a desired field distribution. As it stands Eq. (22) describes how to find one compo-
nent of the required strength vector a(sy,s,) to produce a single desired field component in the
focal plane. Conceivably it would be possible to use Eq. (22) to calculate all three components
of the strength vector, however such a naive approach would not guarantee physicality or re-
alisability. Maxwell’s equations mean that at best only two field components can be specified
and used for inversion, however thereis no restriction on which components are chosen.

Furthermore, since some form of additional optics, e.g. a pupil plane mask, must be intro-
duced into the system so as to modify the weighting function there are additional constraints
on the specification of the electric field on the focal plane. These constraints arise from the de-
grees of freedom of the introduced optics. To illustrate this point consider use of an apodisation
mask in the exit pupil of the system. This introduces only a single degree of freedom to the
system, that is to say only the amplitude of the field in the pupil plane can be modified and
not its phase. In turn this translates to the requirement that the field component specified in the
focal region must be complex Hermitian. Combination of a phase and apodisation mask would
however provide two degrees of freedom allowing an arbitrary phase and amplitude profile to
be specified for one field component in the focal plane. Assuming more degrees of freedom
than are present in a particular optical setup will lead to inconsistent inversion results that will
not reproduce the desired field distribution and should hence be avoided.

4.2. Field specification away from the focal plane

Inversionwas previously restricted to thefocal planesinceit is not possibleto solve aset of N x
n equations for mx N x n unknowns uniquely. This restriction can however be circumvented
under certain circumstances.

If only asingle field component is specified on aplane in thefocal region, but not necessarily
the focal plane it is then possible to propagate this field to the focal plane by means of scalar
techniques such as the angular spectrum method. Once the field on the focal plane has been
obtained in this manner Eq. (22) can be used as prescribed in this paper.

Alternatively if two field components are specified then it is again possible to propagate the
field to the focal plane however vector formulations, such as e- and m- theory must instead be
used [25].

4.3. Extrapolation and encircled energy

Specification of a desired field distribution in the focal plane over an infinite region is not
only impractical, but also superfluous to physical requirements. As such the inversion formula
assumes the field is specified over a finite region of maximum extent p g‘ax So as to ensure
the completeness of the prolate functions over the specification area it is hecessary to use the
appropriate space-bandwidth product ¢ = koc’pg"ax when calculating the coefficients from Eq.
(19).

Perhaps the most important issue arising from only specifying a finite area is the resulting
behaviour of thefield outside of this region. Superresolutionis aconcept in which the synthesis
of afocal spot smaller than the Rayleigh diffraction limit is attempted [26, 27], and provides a
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Fig. 4. When trying to produce a structure smaller than the diffraction limit as shown in
(a) significant energy is pushed outside the specification area (b) as bounded by the dashed
line. The solid line shows the size of the Airy disc. This can be understood from the high
order contributions to the specified field as shown in (c) which plots In(|Ay.n|?Ann) tO
allow comparison between all modes

good example to highlight how this can be of relevance.

Consider specifying a sub-diffraction focal spot in Ex as shown in Fig. 4(a) over acircle of
radius ~ 1.6 timesthat of the Airy disc. Expansion of the specified field in terms of generalised
prolate spheroidal functions as per Egs. (6) and (19) allows extrapolation of the field beyond
thisregion since [19]

e o r>0ifN>0
_ 1 / Nyl Ay!
£(r) = EOAN’”GDN*”(”./O f()@na(r)r'dr’ for |7 e o 23)

This equation states that with knowledge of the function f(r) over afiniteregion0<r <rgitis
possibleto extrapolateto all valuesof r > 0 andis aconseguence of the duality of completeness
and orthogonality of the circular prolate spheroidal functions.

The resultant field from extrapolation of the field distribution of Fig. 4(a) is shown in Fig.
4(b). It can be seen that asignificant fraction of energy is pushed out into the sidel obe/peripheral
structures. When cal culated the encircled energy is 6.86 x 10 . This behaviour arises since the
high order modes contribute significantly as shown in 4(c) and thus energy is pushed out of the
specification area as discussed in Section 2.4.

4.4. Noise amplification

Hadamard defined a number of criteria which a mathematical problem must meet to be well-
posed [28], namely that a unique solution exists that depends continuously on the datai.e. is
stable. Inverse problems, such as that considered in the current article, are however in general
ill-posedi.e. violate one or more of these conditions. Predominantly such a situation arises due
to sensitivity to the initial data which in the problem under consideration is a specified field
distribution. In terms of inversion of the Debye-Wolf integral errorsin the specified field arise
since the series expansion must be truncated for computational purposes.

The condition number k is a commonly used quantity which measures the amplification .o/
of noise and errorsin theinitial datato thefinal inversion [29] such that . =< k. When using an
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eigenfunction inversion method the condition number can be defined as the ratio of the largest
and smallest non-zero eigenvalue, that is

_ Joo 1

~
~

a2 min min
AN,n )LN,n

K (249)

where Amr? is the value of the smallest eigenvalue used in the truncated series expansion. It is
thus advisable to use orders that lie within or close to the plateau of eigenvalues of Fig. 1 to
reduce noise amplification. Since small eigenvalues (high orders) correspond to high frequency
components better inversion will be obtained for smoother, slower varying fields.

45. Pixelation

A final consideration that may arise in many practical systems is that of pixelation. Exact re-
production of the required pupil planefield distribution is generally not possiblein practise due
to the pixelated nature of theliquid crystal SLMs often used to implement complex masks[11]
and as such an error on the focused field distribution is introduced. Choosing individual pixel
values so as to minimise this error is then a further problem. Fortunately since focusing is a
unitary transformation i.e. one in which the inner product is conserved, minimisation of the
root mean square (RMS) error in the focal plane is equivalent to minimising the RMS error in
the exit pupil between the ideal and the pixelated mask. Doing so requiresthat the jkth pixel of
the SLM be set such that the output field is the average of the ideal profile over the domain IT j
of the pixel i.e.

Lo
=g, / /ij e(u, ¢)udude (25)

where Sy denotes the area of the jkth pixel. Minimisation can also be performed on the
Gaussian reference sphere, athough this would require projection back to pupil plane to de-
termine the appropriate SLM configuration.

5. Examples
5.1. Polarisation structuring

In this section afew examples are given so as to illustrate the inversion procedure, the first of
which considerstrying to determine the orientation of a single fluorescent molecule. This often
entails the use of ahigh NA optical system which providesthe better resolution needed to select
individual fluorophores. Many existing methods are limited to determination of the transverse
angle [30, 31] and as such it would be desirable to couple light into the transverse orienta-
tion efficiently so as to improve the signal to noise ratio. A fluorophore, modelled as a fixed
electric dipole of moment p, illuminated by afield E re-radiates light as if it had an effective
dipole moment proportional to p - E. Efficient coupling thus entails minimising the longitudinal
component of the focused field. Inverting a field specification of E, = O gives a zero strength
vector, meaning that such a specification cannot be achieved via apodisation or phase masks.
However a beam with a non-uniform polarisation distribution can be used. There exist numer-
ous methods to produce these so-called vector beams including: modification of laser cavities,
via introduction of polarisation sensitive components such that only modes with the desired
polarisation structure can lase [32]; interferometric methods, which superpose orthogonal po-
larisation states with appropriate phase and intensity profiles[33]; and subwavelength gratings,
which act asuniaxial crystals whose structure determines the birefringence[34].

Although these methods are typically used to generate radialy and azimuthally polarised
vector beams it is possible to make more arbitrary vector beams by similar methods [35] or
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alternatively by using computer generated holograms and SLMs[36]. Of these [36] is perhaps
the most versatile being capable of dynamic modulation. Due to the pixelated nature of the
SLMs it can however introduce undesired diffraction effects and often requires complex algo-
rithms. Toussaint et al. [35] avoided these issues albeit at the cost of reduced light throughput
and complexity of the required optical setup.

In the ideal non-pixelated case the weighting function appropriate to a vector beam input
is given by Eq. (12) with g(u,¢) = 1 and W¥(u,¢) = 0. It has been observed that azimuthally
polarised light when focused has a very weak longitudinal component [37]. Results from inver-
sion agree with this observation as shown in Fig. 5, however atrue azimuthal patternisnot seen
due to an angular ambiguity in the inversion meaning one half of the pattern is rotated by 180 °.
If the calculated polarisation structure is re-input into the forward focusing problem the maxi-
mum value of the longitudina component is of order 10 ~17: a number most likely attributable
to numerical noise and inversion hence gives a suitable solution.

Fig. 5. Polarisation structure of illuminating beam required to give zero longitudinal field
component in the focus of ahigh aperture lens as found by inversion (NA = 0.966, ¢ = 20).
Arrows indicate plane of polarisation of field at each point.

5.2. Extended depth of field

As a second example extension of the depth of field in imaging systems is treated. In its most
basic form extension of the depth of field can be considered as a problem of reducing the intol-
erance to defocus as judged by some pre-agreed figure of merit. Extended depth of field (EDF)
in imaging systems has been considered by a number of researchers and engineers since it can
become an important issue when imaging three dimensional objects and for design tolerances
in optical systems. By far the most commonplace technique of extending the depth of fieldinan
imaging system is by means of pupil plane engineering [38-40]. Other techniquesalso exist, in-
cluding axial scanning and hybrid systems employing post-detection signal processing [41,42],
however a discussion of such methods is beyond the scope of this article. Here a numerical
example is given in which the incident beam is assumed to be uniformly x polarised. Conse-
quently only the Ex field component contributes to the axial behaviour which is thus specified
as
s
Ex(0,0,2,) = Eorect (W) (26)
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where Eg is a constant and w denotes the half width of the rect function. On axis Eq. (20)
reduces to

!
M= —oo o

& - im (kg (=1)" _;
2 Jm(kzp)Arjn,o,n —TA ( a: ) ;132 E(]),n (27)
0,n

since )y n(0) = 0for N # 0i.e. only N = 0 orders contribute on axis. Using Egs. (19), (26) and
(27) itis possible to numerically optimise the coefficientsto find a good sol ution to the problem.
A popular method of doing thisis that of simulated annealing [43] in which random steps are
taken with a probability that depends on a control parameter T which is slowly reduced. In
simulated annealing aloss function is defined which is analogous to the energy in an annealing
process. For the current example this was taken as the Hilbert angle yy as defined by

<|EX(O7 Oa ZP)|27 |E)(()pt (07 Oa ZP) |2>

SOV = E.(0.0.25) P2 [ [EZ (0,0, 2 12 )

where .
(JE(0.0.2) %, [EP(0,0.2) ) = [ [Ex(0.0.z)PIEP*(0.0.2p) %z, (29

and .
IIE(0.0.20)/2 = | _[E(0.0.20) iz, (30)

whichisameasure of thesimilarity between the shape of the desired and optimised distributions
Ex(0,0,2zp) and ExP (0,0, zp) respectively [42] ranging from O if they are identical, to 7r/2 if
they are orthogonal. Suitable truncation points for termination of the series in Eq. (27) can
be determined as discussed in [10] so as to ensure convergence of the field expansion and was
found to be mg = 42. Rejecting eigenvalues smaller than 10>, so asto limit noise amplification
gave ng = 9. The resulting intensity profile as found from the 378 optimised coefficients is
shown in Fig. 6(a) as compared to the desired rect function. The minimum Hilbert angle found
was approximately 4.

= Specified field
= Optimisation result |7

NN\
VAV VAR aavanyi

sin 0 /NA

o
o
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b b LA o 2N ow
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Fig. 6. (a) Comparison between the desired axia field profile and that found from a sim-
ulated annealing optimisation algorithm. (b) Apodisation mask required to produce the
optimised distribution (NA = 0.966). (c) Resulting intensity distribution on the focal plane
showing sidelobe pattern.
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The corresponding apodisation mask required to produce the optimised axial behaviour is
shown in Fig. 6(b) and is very similar in form to a sinc mask as would be expected from Mc-
Cutchen’s theorem [44, 45]. Significant energy is however contained in the sidelobe structure
and afuller treatment may hence also incorporate a constraint of the sidelobe height by includ-
ing additional termsin the loss function.

5.3. Superresolution

As afina example the topic of superresolution is again considered. The use of apodising pupil
plane masks for such a purpose has previously been considered [46, 47], however use of a
polarisation structured beam to obtain superresolution is attempted here.

In an attempt to reduce the width of the intensity profile consider specifying the E field
component as a Dirac delta function centered on the origin. Only one component of the fo-
cused field is specified since this introduces 2 degrees of freedom into the inversion problem as
required for polarisation structuring. Ex is hence written in the form

Ex(Pp 0p,0) = p6 <g‘p”"> 5(6p) (31)

Z Z /’L\N\ n@INIn ( ppe Py ) Dy n(c,0)exp(iNg) (32)

N=—con—

where the second step has used the completeness property of the generalised prolate spheroidal
functions (c.f. Eq. (4)). Applying the inversion formula Eq. (22) and noting @ |y (0) = O for
N # 0 immediately gives

. kp max -
A= — 2 ( te ) (—1)”10_’,?/2q30,n(ca 0) for N=0 (33)
N 0 for N+#0

Using Eq. (12) and noting that for a purely polarised structured beam e = 1 — €7 aquadratic
equation interms of ey can be found, from which the required incident field distributions can be
found. In practice however this method does not achieve superresol ution for the simple reason
that insufficient control is exerted on the y and z components of the focused field. As such
when a deltafunction is specified for the x component energy is pushed into the y component.
The resultant focused distribution is then essentially identical to that of auniformly y polarised
beam for which there is no resolution improvement.

Consider then specifying both the Ex and Ey focused field components to be Dirac delta
functions. By the same logic this means Ay, = AK,‘n as given by Eq. (33). Since aj(u,¢) =
2::0%7n¢0,n(0, u) the required incident field distributions can be found using Egs. (12), (33)
and are given by

1 L1 — Lo
&(u.9) = V(1= 2) LuLn— L1028 = ZAO on(C,U)
1 Lo — L >
&(u,¢) = = > A5 ®on(c,) (34)

V(1—u2) Luln— L1022 5

where % denotes the pq element of . as given in Eq. (14). The (1—u?)~Y/2 factor is
required to conserve energy when projecting from the surface of the Gaussian reference sphere
to the pupil plane [48].

Having specified two field components on the focal region plane means there are four de-
grees of freedom within the system. Such a situation could correspond to the combination of
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Fig. 7. (@) Colour plot showing the transmittance of the apodising mask in the pupil plane,
whilst white lines represent the plane of oscillation of the electric field vector. (b) Variation
of the Strehl intensity ratio and the encircled energy for the Ex and Ey components as the
mask order ny isincreased.
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Fig. 8. Optical distribution in the focal plane for an apodised and polarised structured beam
with truncation point ng = 1 (top) for NA = 0.966 and ¢ = 4. White circles again denote
the extent of the Airy disc. Variation of the central intensity focal spot over the Airy disc
as mask order ng isincreased (bottom). Note the intensity scales differ with each plot, but
have been equalised for easy comparison.
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polarisation structuring, apodisation and phase modulation in the pupil plane. However since
A and AY , are both real the weighting functions ax(u, ¢) and ay(u,¢) are real. Projecting
back to the pupil plane is not a complex operation and hence the field in the pupil plane is
also real. It is thus apparent that the field in the pupil planeis linearly polarised and no phase
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modulation is necessary. Apodisation is however necessary as can be seen by considering

2—W2(1—sn2¢) &
9(u,9) = (le?+ ley2) % = v 2‘21(_ u;;m f) > Asn@on(c,u) (35)

n=0

Renormalisation of the incident field expressions (Eg. (34)) would be necessary to ensure the
mask is passive. Practically the series in Egs. (34) must be truncated at say n = ng, meaning
the pupil and focal plane field distributions will differ from the ideal case in a way that is
dependent on the truncation point. Figure 7(a) represents the required pupil plane distribution
for ng = 1 whilst Fig. 8 shows the corresponding optical distribution in the focal plane. The
shown distributions were cal culated assuming NA = 0.966 and a value of ¢ = 4 corresponding
to afield of view in the focal plane approximately the size of the Airy disc.

From Fig. 8 it can be seen that there has been aresolution gain in the E and Ey distributions
as compared to a clear aperture with uniform illumination, however there is little gain in the
intensity focal spot. This again arises from a redistribution of energy to the unconstrained field
component E; which is then dominant in the final intensity profile. Furthermore due to the
presence of the apodising mask this arrangement also has a low optical efficiency as can be
seen in the plot of the Strehl intensity ratio as shown in Fig. 7(b) as afunction of the truncation
order ng. At high ng this quantity loses its meaning however since the central peak essentially
vanishes with respect to the large sidel obes as woul d be expected from the discussion in Section
4.3. The performance of this particular superresolution setup consequently worsens as ng is
increased.

6. Conclusions

In this work the inversion of the Debye-Wolf integral has been considered to the extent that
an inversion formula has been derived and given. This new result provides a means by which
to calculate the required weighting function and hence pupil plane distribution to generate a
desired field distribution in the focal region. Althoughiit is not impossible to solve for ageneral
plane in the focal region a restriction to the focal plane was made since this greatly simplifies
the calculations.

A number of caveats to the use of the inversion formula have a so been given. These include
consideration of the degrees of freedom present in the system which restricts how fully the
focal distribution can be specified to maintain physicality.

Perhaps the most important result to come from this work though stems from the considera-
tions of the energy contained within the field specification area. By considering the meaning of
the prolate functions a means to construct “reasonable” focal distributions also becomes appar-
ent. In the sense of energy distribution an optimum field can be constructed by using only the
prolate functions with large eigenvalues as a basis in the focal plane. This also produces better
inversion results due to reduced noise amplification.

In conclusion it should be said that although much focus has been placed on “exact” inver-
sion the developed formulais also highly suitable for numerical optimisation, for which there
already exists avast range of tools and knowledge. Such suitability arises since only relatively
few orders are required for reasonably accurate results and hence the number of optimisation
parametersi.e. expansion coefficients, isalso small. Thisis especially truefor synthesis of axial
or circularly symmetric transverse distributions since in this case only the N = 0 modes have
non-zero coefficients.

Further extension of this work would be to investigate the inversion of a specified inten-
sity distribution in the focal region, which poses further problems due to the lose of phase
information. The reported method is unfortunately unsuitable for this purpose since athough
it istheoretically possible to generate an arbitrary distribution in one or two field components,
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Maxwell’s equations dictate thisis at the cost of dominant features arising in the unconstrained
components.
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