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Abstract:  Optical techniques in single molecule imaging rely heawity
photon counting for data acquisition. Extraction of infation from the
recorded readings is often done by means of statisticabbjgocessing,
however this requires a full knowledge of the photoelecstatistics. In
addition to counting statistics we include a specific fornrarfdom signal
variations namely reorientational dynamics, or wobbleddw the general
probability density function of the number of detected pimst The relative
importance of the two factors is dependent upon the totabrasof photons
in the system and results are given in all regimes.
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1. Introduction

Single molecule detection (SMD) has become an importahtigae in recent years for study-
ing dynamic processes such as chemical reactions and nalewotions at a fundamental level
[1]. Historically these processes are usually studiedgisiethods based on ensemble averag-
ing of a sample of molecules, however these are based onrlamental assumption that the
sample is homogeneous. This ergodic hypothesis is invatidhany biological and chemical
systems. Studies on single molecules are thus advantageanfrmation, such as statistical
distributions of particular quantities, is not lost by aaging.

Single molecule imaging techniques, such as fluorescenc®seopy, can also be used to
track bio-molecular motions. This has applications in tharmaceutical industry where a good
understanding of processes such as protein folding [2] aoléaule motions [3] is vital to
new drug development. Relevant tracking techniques oftgpl@y fixed-site fluorescent probe
molecules [4] whose properties, such as their orientatimhpsition, vary according to their
local environment. These changes can be detected withabkugxperimental setup [5, 6].

Optical techniques in single molecule imaging almost abvaguire the use of photon count-
ing since individual fluorescent molecules are very wealhktlgpurces. Under these conditions
the accuracy of measurements are limited by random vamiiio the measured signal and
statistical processing must thus often be used to extraaéired information. This however
requires a good understanding of the random processespristhis work we thus determine
the probability density function (PDF) of the number of pdvtg detected during a measurement
of finite length as a means of describing the full statistiwgture of the detection process.

In the next section we consider the importance of differentitbutions to photon statistics
and find that both noise and statistical signal variationstrba considered. As such in Section
3 we derive a general expression for the PDF of photon nunatlersing for both influences.
Furthermore in Section 4 we consider one form that signalifations may take, namely those
arising from random rotations which fluorophores may undgagphenomenon we refer to as
wobbling. Wobble of fluorophores, which within the frameWwaf classical electrodynamics
can be considered as electric dipole emitters, can be aitleentinuous angular variation or
discrete orientational jumps [7]. We use the Laplace tamsfto obtain the PDF of the time
averaged intensity when changes occur discretely. Sugegamps may depend on previous
dipole orientations and we consider the case when thisésatind when it is not. Limiting forms
for both slow and fast wobble are also given. Further resrsthen derived for continuous
variation in dipole orientation, which is found to be of afdifng functional form to the discrete
case. A short discussion of the results is finally given intisad.
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2. Signal-to-noise considerations

Statistical fluctuations in the number of detected phot@msderive either from noise present
in a system or from random variations in the signal itselfe Thlative importance of these
sources is conveniently parameterised by the signal-teematio (SNR). In the context of sin-
gle molecule imaging Basché [8] states that the practicditainable SNR can be approximated
by

R— DqoPty/AE, )

\/(D C]O'Pto/AEp) + CpPto + Ngto

whereD is an instrument dependent collection factor typicallygiag from 1-8%,q is the
fluorescence quantum yield; is the peak absorption crosssectiéhis the laser powetty
is the integration timeA is the beam ared;), is the energy of a photon in the bea@, is the
background count per watt of excitation power (typicallguand 2x 108photons/Ws in confocall
experiments) anblly is the dark count of the detector. Figure 1 shows the behaofdhe SNR
over a range of experimental conditions from which it can é&ensthat a value no better than
around 15dB is to be expected. Consequently noise propeitiae detection process play an
important role in determining the statistical behavioutiw detected signal.
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Fig. 1. Contour plot of SNR (dB) vs laser power and focused size (as parameterised by
the NA of a focusing lens) assuming a wavelength of 395nm heddllowing parameter
values based on use of GHP= 7%, q= 0.79 [9],tp = 0.01s,Cy = 2 x 108 photons/Ws,
Ng = 50. For numerical apertures greater than unity we have as$amoil immersion lens
of refractive index 1.5. Saturation effects are includechsthato = op/(1+1/ls), where
0o was taken to be % 1016 cn?, | = P/A and the saturation intensitywas assumed to
be 1¢ W/cn? [10]. The inset shows the variation of the SNR versus intigmaime for a
5mW laser focused through a 0.95 NA lens.

3. Probability density function of the number of detected ptotons

Data acquisition in single molecule experiments is indagidone by means of photon counting
in which the predominant source of noise is quantisatioeaddenoting the number of photons
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arriving at the detector during a measurement of duragdry N(tp), the output reading is of
the formly = GN, where G is some gain factor. The arrival of photons at thedlet is a
Poisson random process [11] and we can hence write the glitpatass function oiN

() = L e 10) @

wherepy(n) denotes the probability th&t(tg) = n. We note here that we use the convention
whereby an upper case letter denotes a random process sadé&lile, whilst the lower case
equivalent denotes a particular outcori&,) is the average rate of arrival of photons (intensity)
or equivalently the time average of (t) where.#(t) is the instantaneous rate of arrival of
photons at the detector at tihee.

8
(o) = [ 7 (t)dt (3)
0
As an example many experimental setups use polarisatiositsenmethods e.g. [12]
whereby the intensity of the detected signal is proporfibmahe square of the dot product
of the illuminating field and the electric dipole moment gigi

S (t) = Acog (8(t) — B) (4)

wheref(t) is the transverse orientation of the dipole at timp is the transverse angle of the
plane of polarisation of incident light ardis a constant.

For a stationary dipole Eq. (2) fully describes the photatistics at the detector, however
a change in dipole orientation will cause a changeZinlf this change is random the arrival
of photons at the detector and hence their subsequent idetésttermed a doubly stochas-
tic process. Possible sources of such randomness includedtions in the illuminating light
source and/or movement of the molecule. Itis this latteioiahat we concentrate on here since
for tracking applications the molecule’s environment isikely to be static. Furthermore we
consider only orientational changes since probe moleaueaormally rigidly fixed to targets.
Under these circumstanckgp) is a random variable and the probabilities as given by Eg. (2)
differ for each possible value. As such we recast Eqg. (2) Inditmning the probabilities on a

particular outcomé(tp) i.e.
in

pu(nli) = e’ ©)

wherepy is now a conditional probability and we have dropped the fional dependence on
to for clarity.

Assuming knowledge of the random nature of the time aver@geharacterised by its PDF
fi (i) (see Section 4), we can use the identity [11]

fa (1) = p(nfi) fi (i) (6)

to find the joint PDF ofN andl i.e. the probability thalN = nandl = i. Integrating over the
joint PDF gives the PDF of the number of detected photons

pn(n) :/Om f (i)(nn—i!)ne*”idi. 7

where we have also included the non-ideal nature of the thetieg introduction of the quantum
efficiencyn. Eq. (7) is equivalent to averaging the conditional prolighivith respect to the
average intensity and requires knowledgd¢f) which is discussed in the following section.
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4. Probability density function of time averaged intensity
4.1. Discrete reorientational jJumps

In this section we turn our attention to determining the PBfhe time averaged intensitly(i).
We first consider the case when changes in the orientationdgfae occur discretely. This
could for example be associated with the desorption andsoeption of fluorophores from and
onto a glass surface [12]. In what follows we shall talk of &t#ic dipole in an orientational
state, by which it is meant that the dipole makes an afdie the x-axis in thex-y plane as
illustrated in Fig. 2. The dipole then remains fixed at thiglarfor a timet before moving
to a new state. It is this transverse angle that the sighah many experimental techniques
is dependent on (c.f. Eq. 4). Technigues based on structilmednation and total internal
reflection [13, 14] do however exist in which the signal degeempon the full three dimensional
orientation of a dipole, although these are often resttitbevery specific circumstances. Here
we restrict our discussion to a two dimensional system fawpficity. Conceptially the full
three dimensional situation is identical and requires omiyor mathematical modifications as
is discussed in the appendix.

e

X

Fig. 2. An electric dipolep has a transverse orientation described by the afigléerez
describes the optical axis.

Assuming thai different orientational states are occupied during a singgasurement the
time averaged intensity is given by:

i =A(cog (61— B)11+CcoS (8 — ) T2+ +COS (O — B)Twm) (8)

where8; andt; are the parameters corresponding to ﬁﬂaoccupied angular state. Without
loss of generality the dipole is assumed to be initially oté¢ed parallel to the-axis. It should
be further noted that changes in the dipole angle are asstowadur instantaneously.

From the law of rare events [15] we can assert fllabe a Poisson random variable or
equivalently that the length of time a dipole remains in estelte is distributed according to an
exponential law i.e.

fr(1) = vexp(—vr) 9)

wheref; (1) denotes the PDF af andv is the average rate at which dipole jump events occur.
Since a measured intensity is always positive we may usedp&ate transform to find the
PDF ofl. The Laplace transfortd*(s) of a random variablX is defined as

X*(8) = 2 [fx ()] = /O "ty (e Sdx = E[e ] (10)

where.Z|...] denotes the Laplace transform aad. .| denotes the expected value.
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From [11] and Eg. (8) the Laplace transform fip(i) is given by
M) = Zi(923(8) - Zu(9) (11)

where we have lef; = Aco§(®j — B)7j. The PDF of the average intensltys then given by:
fi(i) =5 pm(m)fi(ijm) (12)
m=0

wheref; (ijm) = £~ (I},_(s)) and the weighted summation over the possible valutésefm
is required since the number of reorientations during a oreasent is random.

With this knowledge in hand it remains to find an explicit eegsion forZ]‘ (s). From Egs.
(4) and (10) we can write

" TT ~00

Zi(s) = '/771/0 fo.0(6,T) exp(—sAco(6 — B)T) drd® (13)
wherefg (8, T) is the joint probability distribution 0® and . Since dipole angle and state
occupancy time are independent this is given by the produitteomarginal probability dis-

tributionsfo(0) and f; (7). Using Eg. (9) we can then write

Z(9)

/jT /Ooo fo(0)vexp(—vT —sAco(6 — B)1)drd6

7 vfe(6)
B an+$co§(9—ﬁ)d6 (14)

The physical process governing the random wobble of theraletipole will dictate the
form of the probability distribution fo®. For example, rebinding of a fluorophore to a probe
site may be modeled using a uniform PDF

f(%ni(e)_{ 1/2A for —A< O <A (15)

0 otherwise

Standard integration tables [16] then give the analytialtes

1
— X
20V/SAV + v2

{arctan(\/sAT_i_v tan(A — B)> + arctan<\/sAT+v tan(A+ B))} (16)

Finding a full analytical result fof, (i) would be complicated however in the limits of small
and largev we can find simpler results. These limits correspond to orfgva and to many
events per measurement respectively. As the rate at whmht®wccur decreases the contri-
bution from later terms in Eq. (12) becomes negligible. la limit of v < 1 only the first
term produces a significant contribution and we can considedipole as fixed during a single
measurement and hence

Zin(s) =

fi(i) =fs(r) (17)

i.e. the PDF of the average intensity is the same as the PDthéoinstantaneous intensity.
Fortunately this agrees with our intuitive expectations.

When dipole wobble is on a time scale much shorter than thatidurof a measurement we
must consider many terms in our summation i.e. larg&ince each value afj is indepen-
dent eaclZ; term is also independent. There are then two cases to congidewhen each
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subsequent value & is independent and that when they are not. In the former caseaw
invoke the Central Limit Theorem which states the PDF of a sfiindependent, identically
distributed random variables tends to a Gaussian disinibass the number of terms increases.
As such the PDF of the average intensity in the limit of lavgs given by

fi (i) = —— exp(—iz). (18)

\/2mo? 20

Assuming dependence of consecutive terms means the PDE aifiible anglé; is centered
on its previous outcomef;_,. For a particular realisation d, that is to say one possible
outcome of the sequence of dipole orientations, we can write

fo,(6j) = fo(6 — 6j-1) (19)

When averaged over all possible realisations the resultridas to Eqg. (15) except now the
width of the distribution increases with each subsequenpjuConsequentially the condition
of identical distributions required for validity of the Cteal Limit Theorem is not satisfied. If,

however, the Lyapunov condition [17] is satisfied then that@e Limit Theorem still applies.

Numerical simulations show that this is the case.

4.2. Continuous angular variation

Changes in dipole orientation may occur continuously and here that we consider how
this affects the PDF of the time averaged intensity. It carshmvn [18] that the probability
distribution function of the orientation of the dipole afra¢t satisfies the differential equation:

of _ 0%
ot 062
subject to the initial conditiori (t = 0) = (8 — 6y), whered represents the Dirac delta func-

tion. This diffusion equation holds when subsequent ogittos are dependent on the previous
orientation. A solution to Eq. (20) is

(20)

fo(6,t) = (9_9")2). (21)

1
exp|{ —
Vanat p( 4at

This result applies to all time scales over whigmay vary as is set by the diffusion coefficient
a.

To find the PDF of the average intensity we first use a transdtion of variables to find the
PDF of the instantaneous intensity (.#) which we then need only integrate over the length of
a measurement to give our desired result. Thus

/tO fo(6k.t)
i Tt Z Vi(A=T)
where 6 are the solutions to the equatior- Acos’ (6 — B) and the ¥to factor is to ensure

correct normalisation of the PDF. The integral can be evatliasing the substitutioxf =t~*
and integration by parts which yields:

(22)

. 1 6? |6 62
fi(i)= ——ooo-—Y |exp| — % erfc| 1/ =K 23
' natei(A—1) Z p( 4ato> 2aty 4aty (23)
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Fig. 3. a) Histogram of the time averaged intensity for a lipandergoing continuous

angular diffusion witha = 5, B = /4, to = 10~3s andA = 10° photons/s shown with

theoretical fits for differing diffusion coefficients. b) kfance of the number of detected

photons as a function of the peak signal strergémd the cumulative probability functions

for wobbly and stationary dipoles (inset) for the same patamvalues as a).

where erf¢. ..) denotes the complimentary error function.

For the independent cadg(0,t) can not depend on time (assuming the physical cause of
the wobble does not vary in time) and as such Eq. (22) redockéij = f /- (»).

Figure 3a) shows a histogram of the result of Monte-Carlaations with 10 realisations
for continuous variation and a diffusion coefficientaf= 5. Various theoretical fits, as based
on Eq. (23), are also drawn from which it can be seen thatrfer O (no dipole wobble) the
PDF is identical to that of a Poisson distribution as woulcekpected. Good agreement can
also be seen between the simulated and theoretical results.

Furthermore, using these PDFsiit is possible to calculatéotial cumulative probability dfl
taking any value below as plotted in the inset of Fig. 3b) as a functiomoConfidence levels
including or neglecting dipole wobble can then be calcalafessuming the valuef = 7,

6o = 0, A = 10Pphotons/sty = 10 3s anda = 5 we calculated that when neglecting dipole
wobble an experimental measurement can determine thetatianof a dipole within a range
of 1.78 with 90% confidence. Inclusion of dipole wobble causes thiat¢rease to 23°. Such

a discrepency further highlights the need to include dipadeble in statistical processing and
error analysis.

5. Discussion

It has been shown that the variation of the orientation ofpaléi over the course of a finite du-
ration measurement can alter the statistical propertiiseofiumber of photoelectrons induced
in a photon counting detector. Although analytic evaluatdEqgs. (7) and (12) will in general
not be possible we can make some general observations irg#éné probability functions
involved.

Considering first the PDF of the time averaged intensity weegect different forms and
behaviour for differing dependence conditions and timéescaore specifically, although the
distribution will always be peaked around the initial angiben subsequent orientations of the
dipole are dependent on earlier positions the distribusararrower for slower changes, whilst
the converse is true when independence holds. This can bersiodd since the dependent
situation is essentially a diffusion problem and so thedaripe ratio of spreading rate (as
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given by the diffusion coefficient) to integration time tle@der the range of angles the dipole
can cover during a measurement. On the other hand the distribfocuses when successive
orientations are independent since the central probalpiéak for eactZ term is reinforced
with each additional term in the average.

For wobbling on faster time scales the PDF of the averagesitichas been shown to tend
to that of a bell-shaped Gaussian distribution (for disckeriations). Slower time scales will
exhibit a sharper more centralised distribution, sincesfoallv i.e. slow variation only a few
terms significantly contribute to the average performedigydetector. In this case the peaked
nature of both the exponentially distributed state occapéimes and the Poisson PDF for the
number of events per measurement dominate. For lartjes Poisson PDF becomes smoother
and the position of the peak moves to larget.ow mterms of Eq. (12) are then negligible and
the peaked nature of the exponential PDF is less dominaentially the Poisson PDF tends
to a Gaussian itself whereby it acts as an envelope for thed?Bife average dipole angle.

In terms of the photoelectron statistics we can say thatf@aller angular ranges of dipole os-
cillation one would expect less deviation from conventid?@ssonian behaviour. Furthermore
if the variations are on a timescale much longer than themten time then the additional
random behaviour will be unobservable. On the other handdtdlations are much faster than
the detector response the effects are likely to again gotigatb That said dipole wobble has
been seen at many different time scales ranging from thessudsecond level [19], through the
millisecond regime [5] and higher [7, 20]. In conjunctiontvithe varying time resolution of
different experimental setups [21] and the large angulagea over which fluorophores can os-
cillate e.g. 26 has been observed [22], it is likely that non-Poisson behawiill be frequently
encountered.

Finally we draw attention to Fig. 3b) which shows a plot of éxpected variance of experi-
mental data as a function of the number of photons in the sy&e parameterised 18y, when
signal variations from photon counting and dipole wobbk@nsidered separately. Quadratic
behaviour can be seen for the case of dipole wobble onlystfait photon counting the linear
behaviour expected from a pure Poisson random variablédemv The relative importance of
the two factors can be seen. At very low light intensitiesereht is likely to be impractical to
conduct experiments, photon counting dominates. For tieermediate regime both influences
are comparable until eventually at higher intensities tloéeicular wobble dominates.

Our work has detailed the statistical behaviour in eachedelregimes (Egs. (2), (7) and (12)
or (23) respectively) and allows further development ofahle signal processing algorithms
and estimation procedures so as to maximise the precisiamgilar information extracted
from experimental data and thus help to fulfil the potentfaliogle molecule techniques.

Appendix - Three dimensional dipole wobble

Earlier discussion has been restricted to the case of twerntiional dipole wobble, however
we here explicitly state the mathematical modificationsunesgl to accommodate rotation in
all three dimensions. Obviously such three dimensionaatian is only of significance if the
measured signal is sensitive to the full three dimensioriehtation as described by the two
anglesf andg as shown in Fig. 2 i.e.

I =7(0,09) (24)

Random variation in the orientation of the dipole is desiby the joint PDF of9 and ®.
Since in most physical situatior® and ® will be independent we can write the PDF in the
form

fo,0 (6,0) = fo(0)fo(@) (25)
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When considering the discrete case this means Eq. (13) kescatniple integral

zi9= [ [" [ to(®)1o(9) fe(r) exp(~s7 (6,9) 1) drdpdo (26)

however all of the subsequent working remains unchangethdrcontinuous case we must
solve the two dimensional diffusion equation

of 02f  02f
to give the joint PDF
1 (6 — 6p)? (p—@)?
fo.n(0,0) = Aot eXp(—T eXp T aat (28)

which when integrated according to the three dimensionabgue of Eq. (22) yields
: 1 (Gk—90)2+(¢<—%)2)}
fi(l) = ————— r{o, 29
0= grato i(A—i)Z{ ( 400t @9

whererl (a,z) = [;°x3 e *dx is the incomplete Gamma function afdand ¢ are the solu-
tions to the equation= .7 (6, @).
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